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a b s t r a c t
Chen, Gauthier and Hengartner obtained two versions of Landau’s theorem for bounded
planar harmonicmappings. Later, Dorff andNowak improved their estimates. Furthermore,
Grigoryan and Huang independently improved their results. In this note, we improve
these last results by obtaining better coefficient estimates for bounded and normalized
planar harmonic mappings. In particular, our theorems are sharp whenM = 1, which are
consistent with Landau’s theorem whenM = 1.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Suppose that f (z) = u(z) + iv(z), z = x + iy is a twice continuously differentiable function on the open unit disk
U = {z ∈ C : |z| < 1}. Then f is a harmonic mapping on U if and only if f satisfies ∆f = 4fzz = ∂2f∂x2 + ∂
2f
∂y2
= 0 for z ∈ U,
where we use the common notations for its formal derivatives:
fz = 12 (fx − ify), fz =
1
2
(fx + ify).
For such function f , we define
Λf = |fz | + |fz | and λf = ‖fz | − |fz‖.
It is known [1] that a harmonic mapping is locally univalent if and only if its Jacobian Jf (z) = |fz |2 − |fz |2 6= 0 for z ∈ U.
Since U is simply connected, f (z) can be written as f = h+ g with f (0) = h(0), g and h are analytic on U. Thus, we have
Jf (z) = |fz |2 − |fz |2 = |h′(z)|2 − |g ′(z)|2.
The classical Landau theorem states that if f is an analytic function on the unit disk U with f (0) = f ′(0) − 1 = 0 and
|f (z)| < M for z ∈ U, then f is univalent in the disk |z| < r0 with
r0 = 1
M +√M2 − 1 ,
and f (|z| < r0) contains a disk |w| < R0 with R0 = Mr20 . This result is sharp, with the extremal function f (z) = Mz 1−MzM−z
(see [2,3]). The Bloch theorem asserts the existence of a positive constant number b such that if f is an analytic function on
the unit disk Uwith f ′(0) = 1, then f (U) contains a schlicht disk of radius b, that is, a disk of radius bwhich is the univalent
image of some region in U. The supremum of all such constants b is called the Bloch constant (see [4,5]). Chen, Gauthier and
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Hengartner [4] obtained two versions of Landau’s theorem for bounded harmonicmappings in the unit diskU. Unfortunately
their results are not sharp. Better estimates were given in [6] and later in [7–9].
Specifically, Grigoryan and Huang independently proved the following result.
Theorem A (Grigoryan [7], Huang [8]). Let f be a harmonicmapping of the unit diskUwith f (0) = 0, Jf (0) = 1, and |f (z)| < M
for z ∈ U. Then, f is univalent in the disk Uρ1 = {z : |z| < ρ1} with
ρ1 = 1− 2
√
2M√
pi + 8M2 , (1.1)
and f (Uρ1) contains the schlicht disk UR1 with
R1 = pi4M + 4M −
√
2pi + 16M2. (1.2)
This result is the best known but not sharp. In [8], Huang also proved the following theorem, which improved Theorem 7 in [6],
but it is also not sharp.
Theorem B (Huang [8]). Let f be a harmonic mapping of the unit disk U with f (0) = 0, λf (0) = 1, and |f (z)| < M for z ∈ U.
Then, f is univalent in the disk Uρ2 with
ρ2 = 1− 1√
1+ 12M
, (1.3)
and f (Uρ2) contains a schlicht disk UR2 with
R2 = 1+ 4M − 4M
√
1+ 1
2M
. (1.4)
In this paper, we first establish coefficient estimates for bounded and normalized harmonic mappings (see Lemma 2.1). Next,
using these results, we give better results than those of Theorems A and B (see Theorems 2.4 and 2.5). In particular, Theorems 2.4
and 2.5 are sharp when M = 1, which are consistent with Landau’s theorem when M = 1. In order to establish our main results,
we recall the following lemma.
Lemma 1.1 (Schwarz Lemma [4]). Let f be a harmonic mapping of the unit disk U with f (0) = 0 and f (U) ⊂ U. Then
Λf (0) ≤ 4
pi
, (1.5)
|f (z)| ≤ 4
pi
arctan |z| ≤ 4
pi
|z|, for z ∈ U. (1.6)
2. Main results
We first establish the following coefficient estimates for normalized harmonic mappings.
Lemma 2.1. Suppose that f (z) = h(z) + g(z) is a harmonic mapping of the unit disk U with h(z) = ∑∞n=1 anzn and
g(z) =∑∞n=1 bnzn for z ∈ U.
(1) If Jf (0) = 1 and |f (z)| < M , then
|an|, |bn| ≤
√
M2 − 1, n = 2, 3, . . . , (2.1)
and
|an| + |bn| ≤
√
2M2 − 2, n = 2, 3, . . . , (2.2)
and
λf (0) ≥

√
2√
M2 − 1+√M2 + 1 if 1 ≤ M ≤
pi
2 4
√
2pi2 − 16 ,
pi
4M
ifM >
pi
2 4
√
2pi2 − 16 .
(2.3)
(2) If λf (0) = 1 and |f (z)| < M , then the inequalities (2.1) and (2.2) also hold.
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Proof. (1) Fix r ∈ (0, 1). Then
f (reiθ ) =
∞∑
n=1
anrneinθ +
∞∑
n=1
bnrne−inθ for θ ∈ [0, 2pi).
By Parseval’s identity and the hypothesis of |f (z)| < M , we obtain
∞∑
n=1
(|an|2 + |bn|2)r2n = 12pi
∫ 2pi
0
|f (reiθ )|2dθ ≤ M2. (2.4)
Notice that since Jf (0) = |a1|2 − |b1|2 = 1, we have |a1|2 + |b1|2 ≥ Jf (0) = 1. Hence for any n ≥ 2, we have
(|an|2 + |bn|2)r2n ≤ M2 − r2.
Letting r → 1−, we obtain
|an|2 + |bn|2 ≤ M2 − 1, (2.5)
from which we concludeM ≥ 1. This implies the inequalities (2.1), and the inequality (2.2) follows from
|an| + |bn| ≤
√
2(|an|2 + |bn|2) ≤
√
2M2 − 2.
Now we prove (2.3). Since |a1|2 − |b1|2 = Jf (0) = 1, we have
|a1| =
√
|b1|2 + 1. (2.6)
From (2.4), we get that
|a1|2 + |b1|2 ≤ M2. (2.7)
Hence it follows from (2.6) and (2.7) that
|b1| ≤
√
M2 − 1
2
. (2.8)
Thus we have
λf (0) = ‖a1| − |b1‖ =
√
|b1|2 + 1− |b1|
= 1|b1| +
√|b1|2 + 1
≥
√
2√
M2 − 1+√M2 + 1 . (2.9)
On the other hand, by Lemma 1.1, it follows from the fact Jf (0) = 1 that
λf (0) = 1
Λf (0)
≥ pi
4M
. (2.10)
Note that √
2√
M2 − 1+√M2 + 1 ≥
pi
4M
⇔ 1 ≤ M ≤ pi
2 4
√
2pi2 − 16 .
Hence the inequalities (2.3) follow from (2.9) and (2.10).
(2) Since λf (0) = ‖a1| − |b1‖ = 1, we get that
|a1|2 + |b1|2 ≥ ||a1 |2−|b1 |2 | = |a1| + |b1| ≥ ||a1| − |b1|| = 1.
Thus the inequalities (2.1) and (2.2) follow as in part (1), and the proof is complete. 
Remark 2.2. SettingM = 1 in Lemma 2.1, according to the proof of Lemma 2.1, we get the following corollary.
Corollary 2.3. Suppose that f (z) = h(z)+ g(z) is a harmonic mapping of the unit disk U with f (0) = 0 and |f (z)| < 1 on U.
(1) If Jf (0) = 1, then f (z) = αz, where |α| = 1.
(2) If λf (0) = 1, then f (z) = αz or f (z) = αz, where |α| = 1.
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Next we are ready to improve Theorem A as follows.
Theorem 2.4. Let f be a harmonic mapping of the unit disk U with f (0) = Jf (0)− 1 = 0, and |f (z)| < M for z ∈ U. Then f is
univalent in the disk Ur1 , and f (Ur1) contain the schlicht disk Uσ1 , with
λ0(M) =

√
2√
M2 − 1+√M2 + 1 if 1 ≤ M ≤ M0 =
pi
2 4
√
2pi2 − 16 ≈ 1.1296,
pi
4M
if M > M0,
(2.11)
and
r1 = 1−
√√
2M2 − 2√
λ0(M)+
√
2M2 − 2
=

1−
√
M2 − 1+√M4 − 1√
M2 +√M4 − 1
if 1 ≤ M ≤ M0,
1−
√
4M
√
2M2 − 2√
pi + 4M√2M2 − 2
, if M > M0,
(2.12)
and
σ1 = λ0(M)+ 2
√
2M2 − 2− 2
√
2M2 − 2+ λ0(M)
√
2M2 − 2
=

√
2M2 + 2
2
+ 3
√
2M2 − 2
2
− 2
√
M2 − 1+
√
M4 − 1 if 1 ≤ M ≤ M0,
pi
4M
+ 2
√
2M2 − 2−
√
8M2 − 8+ pi
M
√
2M2 − 2 if M > M0.
(2.13)
The above result is sharp when M = 1.
Proof. If f (z) = h(z) + g(z) satisfies the hypothesis of Theorem 2.4, where h(z) = ∑∞n=1 anzn and g(z) = ∑∞n=1 bnzn are
analytic in z ∈ U, then by Lemma 2.1, we have
λf (0) ≥ λ0(M) =

√
2√
M2 − 1+√M2 + 1 if 1 ≤ M ≤ M0 =
pi
2 4
√
2pi2 − 16 ,
pi
4M
ifM > M0 = pi
2 4
√
2pi2 − 16 .
(2.14)
To prove the univalence of f (z) in Ur1 , we adopt the method used in [6]. For z1 6= z2 in Ur(0 < r < r1), by Lemma 2.1(1),
we have
|f (z1)− f (z2)| =
∣∣∣∣∫[z1,z2] fz(z)dz + fz(z)dz
∣∣∣∣ = ∣∣∣∣∫[z1, z2] h′(z)dz + g ′(z)dz
∣∣∣∣
≥
∣∣∣∣∫[z1,z2] h′(0)dz + g ′(0)dz
∣∣∣∣− ∣∣∣∣∫[z1,z2](h′(z)− h′(0))dz + (g ′(z)− g ′(0))dz
∣∣∣∣
≥
∫
[z1,z2]
|h′(0)+ g ′(0)e−2iθ |ds−
∣∣∣∣∫[z1, z2](h′(z)− h′(0))dz
∣∣∣∣− ∣∣∣∣∫[z1, z2](g ′(z)− g ′(0))dz
∣∣∣∣
≥ λf (0)|z2 − z1| − |z1 − z2|
∞∑
n=2
(|an| + |bn|)nrn−1
≥ |z2 − z1|
(
λ0(M)−
∞∑
n=2
√
2M2 − 2 · nrn−1
)
= |z2 − z1|
[
λ0(M)−
√
2M2 − 2 · 2r − r
2
(1− r)2
]
= |z2 − z1|
(1− r)2
[
(λ0(M)+
√
2M2 − 2)r2 − 2(λ0(M)+
√
2M2 − 2)r + λ0(M)
]
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= |z2 − z1|(λ0(M)+
√
2M2 − 2)
(1− r)2 (r − r1)
r − 1− √√2M2 − 2√
λ0(M)+
√
2M2 − 2
 > 0.
This implies f (z1) 6= f (z2).
From Lemma 2.1, we know thatM ≥ 1. Noticing that f (0) = 0, for any z ′ = r1eiθ ∈ ∂Ur1 , we have
|f (z ′)| ≥ |a1z ′ + b1z ′| −
∣∣∣∣∣ ∞∑
n=2
(
anz ′
n + bnz ′n
)∣∣∣∣∣
≥ λf (0)r1 −
∞∑
n=2
(|an| + |bn|)rn1
≥ λ0(M)r1 −
∞∑
n=2
√
2M2 − 2 · rn1 = λ0(M)r1 −
√
2M2 − 2 · r
2
1
1− r1
= λ0(M)+ 2
√
2M2 − 2− 2
√
2M2 − 2+ λ0(M)
√
2M2 − 2 = σ1.
Hence f (z) is univalent on Ur1 and f (Ur1) contains the disk Uσ1 , where r1 defined by (2.12) and σ1 defined by (2.13).
Finally, it is evident that r1 = σ1 = 1 forM = 1 is the best possible. This completes the proof of Theorem 2.4. 
With the aid of Lemma 2.1(2), using the same method as in our proof of Theorem 2.4, or let 1 instead of λ0(M) in (2.12)
and (2.13), we can improve Theorem B as follows. We omit the details.
Theorem 2.5. Let f be a harmonic mapping of the unit disk U with f (0) = 0, λf (0) = 1, and |f (z)| < M for z ∈ U. Then, f is
univalent in the disk Ur2 with
r2 = 1−
√ √
2M2 − 2
1+√2M2 − 2 , (2.15)
and f (Ur2) contains a schlicht disk Uσ2 with
σ2 = 1+ 2
√
2M2 − 2− 2
√
2M2 − 2+
√
2M2 − 2 , (2.16)
and the result is sharp when M = 1.
Remark 2.6. (1) Setting M = 1 in Theorem 2.5, we get r2 = σ2 = 1. This and Theorem 2.4 are consistent with Landau’s
theorem forM = 1.
(2) Noting that
√
2M2 − 2 < 2M , and that r1, σ1, r2, and σ2 are monotone functions of
√
2M2 − 2, we verify that
r1 > ρ1, σ1 > R1; r2 > ρ2, σ2 > R2, (2.17)
where ρ1, R1, ρ2, R2 and r1, σ1, r2, σ2 defined by (1.1)–(1.4), (2.12), (2.13), (2.15)–(2.16) respectively.
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